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rank m and M an orientable m-submanifold with parallel mean curvature H, we prove 
that if cos 6 is bounded away from zero, where 6 is the Il-angle of M, and if M has 
. zero Cheeger constant, then M is minimal. In the particular case M is complete with 

we may replace the boundedness condition on cos 6 by cos >Cr-P, when 
r +00, where < j8 < 1 and C > are constants and r is the distance function to a point 
■ in M. Our proof is surprisingly simple and extends to a very large class of submanifolds 

^ • in calibrated manifolds, in a unified way, the problem started by Heinz and Chern of 

estimating the mean curvature of graphic hypersurfaces in Euclidean spaces. It is based 
on an estimation of \\H\\ in terms of cos 6 and an isoperimetric inequality. In a similar 
I way, we also give some conditions to conclude M is totally geodesic. We study some 

\Q ■ particular cases. 
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o : 1 Introduction 

E. Heinz [fTSlI in 1955 introduced the problem of estimating the mean curvature 
! of a surface of described by a graph of a function / : ^ M. He proved that 

5^ I if / is defined on the disc +y'^ < and the mean curvature satisfies \\H\\ > 

c > 0, where c is a constant, then r < ^. Thus, if / is defined in all and \\H\\ 
is constant, then H = 0. Later, this result was extended for the case of a map 
/ : M by Chern 191 and independently, by Flanders ifTSl . This problem 

was generalized by the second author in her Ph.D thesis ( Il29ll , [|301 ) in 1987, 
for submanifolds of a Riemannian product M = MxN of Riemannian manifolds 
(M,^i) and (N^h), that can be described as a graph Tf := {{p,f{p)) : p G M} of 
a smooth map f : M N, that we recall as follows. On any oriented Riemannian 
manifold {M,g) it is defined an isoperimetric constant, the Cheeger constant 

where D ranges over all open submanifolds of M with compact closure in M 
and smooth boundary (see e.g. ITJ and section 4), and A{dD,g) and V{D,g) are 
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respectively the area of dD and the volume of D, with respect to the metric g. We 
call such D by compact domain. The Cheeger constant is zero, if, for example, M 
is a closed manifold (we abusively take the same definition for the closed case), or 
if M is a simple Riemannian manifold, that is, there exists a diffeomorphism (\> : 
{M,g) {W\ <, >) onto W such that X^g < ^* <,>< il^g for some positive 
constants A, /i. Another large class of Riemannian manifolds with zero Cheeger 
constant are the complete Riemannian manifolds with non-negative Ricci tensor 
(see section 4). Hence, zero Cheeger constant is a quite interesting condition. 

Theorem 1.1. (/l29l/./f50l/] If f : {M,gi) {N,h) is a smooth map whose graph 
Tf has parallel mean curvature H, then for each compact domain D cM we have 
the isoperimetric inequality 

" - m V{D,gi) ■ 

Thus \\H\\ < ^[)(M,^i). In particular if {M,gi) has zero Cheeger constant then 
Tf is a minimal submanifold ofM x A^. 

We may also handle this problem in the context of calibrated manifolds. A 
calibration on a Riemannian manifold M of dimension m + n is a closed m-form 
Q. with comass one, that is, for each pEM and any orthonormal systemX, G TpM, 
\0.{Xi, . . . ,Xm) I < 1 holds, and equality is achieved at some system (see ifTTIl '). If 
F : M — > M is an oriented immersed submanifold of dimension m, it is defined 
the Q.-angle of M, : M ^ [Q,n\, given by 

cos0 = f2(Xi,...,X„), 

where X, is a direct orthonormal frame of TpM. We give to M the induced metric 
g = F*g. The submanifold is said to be ^-calibrated if cos = 1. This is equiv- 
alent to Q. restricted to M is the volume element of M. Calibrated submanifolds 
are minimal, for they minimize the volume of any domain D among all variations 
Ft : D -^M, t e [0,1], oi Fq = F that fixes the boundary dD. Let dVt be the 
volume element of {D,gt = F*g). Assuming Fq is calibrated, integration over D 
of 

cos OidVi - dVo = F^a - F^Q. = dx 

1 Pi 

where T = /q Fj*{Q.{^, ■))dt is a (m — l)-form that satisfies T|^^ = 0, gives 

Vi{D) > I coseiJVi = I dVQ = Vq{D). 
Jd Jd 

This inequality shows Fq is minimal. Furthermore, if Fi also minimizes the vol- 
ume on the homotopy class of a calibrated submanifold, then Fi is a calibrated 
submanifold as well. On the other hand, a stable minimal submanifold F may 
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not be ^2-calibrated. This is the case M has two different m-calibrations and F is 
calibrated only for one of them. A pertinent question is to ask when is it true that 
stable minimal submanifolds are in fact calibrated for some calibration. This is 
true at least locally, for hypersurfaces in Euclidean spaces, or more generally for 
submanifolds under certain integrability conditions (see subsection 5.2). 

The simplest examples of Riemannian manifolds with a calibration are the 
Riemannian products M = {M x N,gi x h), with the volume calibration 

a{{Xi,Yi),...,{X^,Yj) = Vol(^M,8,){Xi,...,X^). (1.2) 
If M is a graph submanifold Tf : M ^ M xN then 

cos d = {det{gi^fh))-^l^ > 0, 

where the determinant is with respect to the metric ^i. Reciprocally, a m-di- 
mensional submanifold of M x is locally a graph if cos > 0. The graph is a 
calibrated submanifold if and only if / is constant, that is, the graph is a slice. 
The condition cos > T > 0, T a constant, is equivalent to the boundedness of 
II J/lp. The induced metric on the graph M is the graph metric g = gi + f*h on 
M and so, under the above condition the metrics g and are equivalent. In this 
case, {M,g) has zero Cheeger constant if and only if {M,gi) has so. 

In this paper we will obtain the result in theorem 1 . 1 from a general result 
for any calibration Q., but with an extra condition on cos 6 at infinity. This means 
that this approach for graphs is not so good has the one in [|29ll . ll30l . although they 
are very much related to each other. In both approaches we use a suitable vector 
field Zi, naturally defined on all M using the calibration, but in theorem 1.1 we 
consider the divergence of Zi with respect to the metric of M, while in next 
theorem we consider the divergence with respect to the induced metric g of M. 
On the other hand, we will provided a unified way to obtain a Heinz-Chem result 
for submanifolds with parallel mean curvature in a very large class of ambient 
spaces, the class of calibrated manifolds. 

Examples of calibrated manifolds are the Kahler manifolds with the Kahler 
calibration, the Riemanniam manifolds with special holonomy, namely, the Calabi- 
Yau manifolds with the special Lagrangian calibration, the quatemionic-Kahler 
manifolds with the quatemionic calibration, the hyper-Kahler manifolds (with 
many calibrations), G2 manifolds with the associative and co-associative calibra- 
tion, and Spin{l) manifolds with the Cayley calibration (see [22J). These special 
spaces are Einstein manifolds, and except the quatemionic-Kahler case, they are 
all Ricci flat. If n = 1, a parallel Q defines a non-zero global parallel vector 
field on M and so, if M is simply connected then it splits as a Rieman- 

nian product M = M X , where A^^ is one dimensional, and Q. is the volume 
element of M. More generally, for n = I, a divergence free vector field X on M, 
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defines a closed m-form Q. = *X% where * is the star operator on M. This form 
is a caUbration if = 1. This is the case of a Riemannian manifold M with a 
codimension-one transversally oriented foliation by minimal hypersurfaces, for, 
in this case the unit normal X to the leaves defines a divergence free vector field 
of M that calibrates the leaves. For foliations of any codimension see section 5. 

In what follows, {M,g, Q.) denotes a calibrated (m + n) -dimensional manifold 
with a calibration ^ of rank m > 2, and F : M — > M is an immersed oriented sub- 
manifold of dimension m, induced metric g, volume element dV, normal bundle 
NM, mean curvature H and H-angle 6. We consider the following morphisms 
^:TM^ NM, ^ : A^TM A^NM, such that for Z, F e TpM, U,V e NMp, 

{'¥{XAY),U AW) = aiU AW,*XAY), ^ '' 

where * : TM A'"^^TM and * : A^TM A'^^^TM are the star operators and 
(, ) is the usual inner product in A^NM. For m = 2, set {^'{dV),U AW) ^ n{U A 
W), where dV is the volume element of M. Our main results are: 

Theorem 1.2 (The integral Q-isoperimetric inequality). On a compact domain D 
ofM, with boundary dD with volume element dA, the following inequality holds 

j(^-mcose\\Hf + {V^H,^))dV + jvH^ < sin0 ||//||dA, 

where {,) is the Hilbert-Schmidt inner product in TM* <^NM. 

From now on we assume ^ is parallel. Theorem 1.2 leads to: 

Theorem 1.3. If F : M ^ M is immersed with parallel mean curvature and 
COS0 > 0, on a compact domain D of M, the following isoperimetric inequal- 
ity holds: 

^ 1_ / supgj,sin0 \ A{dD,g) 
" " - m V infflcose / V{D,g) ' 

In particular: 

(1) If cosO > T > where x is a constant, then \\H\\ < ^ i){M,g). In this 
case, ifM has zero Cheeger constant, then M is a minimal submanifold. 

(2) If cos 6 = I on dDfor some domain D then F is a minimal immersion. 

Corollary 1.1. IfM is closed with parallel mean curvature and cos 6 > 0, then 
M is minimal. 
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Corollary 1.2. IfM is closed, 1 > |cos0| constant, and < jUsinQ ||X| 

where < ji < \ is a constant, and ||//|| not identically zero, then 

cote < ^ " 



Xw||//||2jy 

Equality holds iff 4> /5 a homothetic morphism with coefficient of conformality 
jl sin on the orthogonal complement of the distribution defined by the kernel 
ofV^H, and Vj^H = 4>(v/(X)) where i// : TM TM is a linear morphism. 

We will see that ||^(^) || < sin \\X\\ always hold. The conformality condition on 
4> is not an uncommon condition. In a 8-dimensional quaternionic Kahler man- 
ifold, almost complex 4-submanifolds define a morphism ^» with coefficient of 
conformality (1 — cos0)(cos0 — Four dimensional submanifolds with equal 
Kahler angles of a Kahler manifold of complex dimension 4, define 4> with coef- 
ficient of conformality ( 1 — cos 0) cos (see section 5). 

We can slightly improve theorem 1.3 in case Ricci^ > and M is complete. 
In this case, if we fix p G M, there is a constant Ci > 0, such that (see section 4) 

i){M)<[){B,{p))<— forallr G (0,+oo). (1.4) 
r 

Theorem 1.4. IfF : M ^ M is a complete immersed oriented m-dimensional sub- 
manifold with parallel mean curvature, and Ricci^ > and the Q.-angle satisfies 
cos > Cr^^ > when r +o°, where < /3 < 1 and C > are constants, and 
r is the distance function in M to a point p then F is a minimal submanifold. 

An application of theorem 1.1 is the following: 

Proposition 1.1. If{M,g\) is a complete Riemannian manifoldwith Ricci^^'^^^ > 
0, then any graphic submanifold with parallel mean curvature F = Tf : M —> 
[M X N,g\ X h), where f : {M,gi) —>■ {N,h) is a smooth map, is a minimal sub- 
manifold. 

It is fundamental some nonnegativeness on the curvature tensor of M to obtain 
such Heinz-Chem results. If M = W" x M where W" is is the m- hyperbolic space, 
there are examples of entire graphic hypersurfaces, and so complete, with non- 
zero constant mean curvature c and with cos bounded away from zero, as can 
be shown by the following proposition. Note that P)(HI"') = m — 1. The function 
r{x) = In ((1 + |x|)/(l — |x|)) is the distance function in H"' to 0, for the Poincare 
model, and v = (-V/, + ||V/||2 is a unit normal to Tf-. 

Proposition 1.2. ^\M\22\I For each \c\<m- 1, ff : H'" R defined by: 
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is smooth on all H™, and for each J G M, 'Tf^^j C W" x M has constant mean 
curvature given by g{H, v) = ^, and cos0 > ^J {m — \ — \c\) / {m — I). Further- 
more, {T ^^^^'^^^{x) : xeW,deM.} and{T^^f^^^^{x): xeW,c e[\-m,m-\\} 
define (partial) foliations of by hypersurfaces with the same constant 

mean curvature c, and with constant mean curvature parameterized by the leaf, 
respectively. 

A related classical problem is the Bernstein-type problem, that determines 
when a minimal submanifold must be totally geodesic. In 1927, Bernstein [[6l 
proved that any minimal surface of defined by the graph of an entire map 
/ : — >^ M is a linear plane. This result was generalized to M'"^^ for m < 7 by de 
Giorgi [[TT| (m = 3), Almgren [2] (m = 4), and Simons fl361l (m < 7), and to higer 
dimensions and codimensions under various growth conditions by many oth- 
ers, as for example Hildebrandt, lost, and Widmann in [|T9l , Ecker and Huisken 
[fT3l . Wang [[37| , and more recently some attention is given to Bernstein theo- 
rems in curved Riemannian product or warped product spaces by Alias, Dajczer 
and RipoU [3J. In higer dimension, and mainly in higer codimension, Bemstein- 
type results tend to be more difficult and complicated to formulate. Some Bern- 
stein results have been obtained for stable minimal hypersurfaces by do Carmo 
and Peng Miranda [|27l, Fischer-Colbrie, Schoen, Simon and Yau [fT4ll35]l . 
and for leaves of transversely oriented codimension one foliations of Riemannian 
manifolds by Barbosa, Kenmotsu, Oshikiri, Bessa and Montenegro [T,?], where 
Chern-Heinz inequalities are derived, as well the stability of the leaves. 

In this paper we obtain some Bernstein-type results using the same philosophy 
of the Chem-Heinz inequalities, applied to submanifolds immersed in calibrated 
manifolds, and under certain conditions, allowing us to obtain this type of results 
in any codimension. They are derived from the expression of Acos 0. This Lapla- 
cian involves the covariant derivative of the mean curvature, a quadratic term on 
the second fundamental form B and a curvature term of M that we have to anal- 
yse. We should have in mind that if F is totally geodesic then 6 is constant. Let 
B(p a 1-form on M and A^B : A^TM A^NM given by 

= L-^(5(X,-,X),4>(X,)) 
A^B{XAY) = ^iB{X„X)AB{X„Y), '"^^ 

where Xj is any orthonormal basis of TpM. We consider the following quadratic 
forms defined for any m-calibration Q. and F : M satisfying cos > 0, and 

applied to tensors B' e TM* ®NM 

Q^{B') = Q^{B') + ^\\B'^f 
Qa{B') = \\B'f-^{^',A^B'). 
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Qa (or Qa) is said to be 5-positive at B' if Qsi{B') > 5\\B'\\^, where 5 > 0. This 
is the case, with 5 = 1, when A'^^') < 0, as it is the case n= 1. 

The quadratic form was defined in fyj] for the case M = M™ x A^" and Q. 
the volume element of {M,gi) and F = Yf with / : {M,g\) (N^h) a smooth 
map. For n>2, one has to require XiXj < (1 — 5), for / 7^ j and some constant 
< 5 < 1, where Aj^ > . . . > > are the eigenvalues of f*h, to have Qq, 5- 
positive at any B'. This condition gives bounds to the components of the calibra- 
tion Q in a convenient basis X, of TM and Ua of NM, namely on the components 
{^{XiAXj),Ua AUp) = COS 6 diaSjj^XiXj (see section 5). In general, this condi- 
tion on Qq or on Qq^, can be a quite restrictive condition for the higer codimen- 
sion case, and it holds for calibrated submanifolds only if these are necessarily 
totally geodesic (see proposition 1.3). But it holds for certain kind of submani- 
folds, as for example, if F is sufficiently close to a totally umbilical submanifold 
(i.e. satisfy B = Hg). For the Kahler calibration we will find in proposition 5.3 
that 5-positiveness is quite unlike to hold on minimal 4-submanifolds with equal 
Kahler angles unless M is a Calabi-Yau 4-fold. In lemma 5.5 for almost complex 
submanifolds in quaternionic Kahler manifolds, we give a natural condition that 
ensures 5-positiveness of Qq.{B). 

For calibrated submanifolds we have: 

Proposition 1.3. IfF : M M is Q.-calibrated then QaiB) = Qq.{B) = 0. Thus, 
ifQa is 8 -positive, then F is totally geodesic. This is always the case n— I. 

Theorem 1.5. Assume M has parallel mean curvature, cos > 0, and Qq,{B) > 
d\\B\\^for some constant 5 > and 



Moreover: 

(A) if tan ||5|| integrable on M andM is complete, then F is totally geodesic; 

(B) if inf/i/cos = T > 0, and \\B\\ is not identically zero, then 



^,.R{X„Xj,X,MXj))>0. 



(1.7) 



Then the following inequalities hold for any compact domain D: 



Vlogcos0|| < y/mtanO \\B 



(1.8) 



Jj,\\BfdV<^Jsj,tme\\B\\dA. 




In particular, if \\B\\ is constant, then \\B\\ < 
\\B\\^0),i)iM)^0. 
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P)(A/). In this case {since 
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(C) If the sectional curvatures ofM are bounded from below, M is complete, \\B\\ 
is bounded, then either inf^cos G = or infyw ||5|| =0. 

5-positiveness of Qq.{B) and (1.7) imply Alogcos < —5\\B\\'^, and (A)-(C) are 
consequences of this. Parallel submanifolds (i.e. VB = 0) have parallel mean 
curvature, ||5|| is constant, and equality to zero at (1.7). We will see in section 
5 that (1.7) holds for example for almost complex submanifolds in quaternionic 
space forms with nonnegative scalar curvature. If n = 1, (1.7) is equivalent to 
Y,jRicci^{Xj, ^{Xj)) > 0, that holds for M an Einstein manifold. 

For M noncompact surface, using a criteria for parabolicity we prove next 
theorem: 

Theorem 1.6. Assume F : ^ M is a minimal complete immersed surface 
with cos > 0, and KoF >0 away from a compact set of M, where K denotes 
the sectional curvatures ofM. If (1) or (2) below holds: 

(1) M is a space form of dimension 3; 

(2) QiiiB) > 5\\B\\^, COS0 > T, with t,5 > constants and (1.7) holds; 
then M is a totally geodesic submanifold. 

The previous theorem applied to graphs gives (simpler proofs) of the classical 
Bernstein results: 

Corollary 1.3. (I) [70l/ If a smooth entire function / : ^ M defines a mini- 
mal graph in M?, then f is linear. 

(2) [37] If a smooth entire function f : M? ^ M" defines a minimal graph in 
with II A^dfW = IA1A2I <1 — 5, 1>5>0 constant, and \\df\\ bounded 
(or equivalently, cos > x > Q), then f is a linear map. 

An application of theorem 1.5 gives the following Bemstein-type results for 
graphic submanifolds: 

Corollary 1.4. (3) Let f : {M"\gi) {N"jh) defining a minimal graph on M = 
MxNwith Jj^tanO \\B\\dV < +00. We assume {M,gi) is complete with sectional 
curvature Ki and Ricci tensor Ricci\ and (N'\h) has sectional curvature Kt^ 
satisfying: (a) for n= I, Ricci\ > 0; (b)for n>2, f*h < (1 — d)gi, 1 > 5 > 0, 
and at each p EM and two-planes P of TpM, and P' of T^^^p'^N, either Ki (P) > 
Kn{P')^, or Riccii{p) > and Kj\i{P') < —Ki{P). Then f is totally geodesic. 
Furthermore if at some point Ki{p) > (or Ricci[ > 0) then f is constant, and 
Tf is a slice. 

For immersed hypersurfaces in the Euclidean space we have: 
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Corollary 1.5. Assume M is a complete minimal immersed hypersurf ace ofW^'^^, 
such that for some parallel calibration Q. of ]R'"+^, we have cos > on all M 
(and so, M is locally a graph). If Jj^smd\\B\\dV < +oo, then M is a linear hy- 
perplane. 

In section 2 we derive the fundamental properties of the morphism 4» and 
prove theorem 1.2 and corollary 1.2. In section 3 we discuss when F is totally 
geodesic, describe the formula of the Laplacian of cos and give the proof of 
proposition 1.3, theorems 1.5 and 1.6, and corollaries 1.3, 1.4 and 1.5. In section 
4 we obtain some properties of the Cheeger constant, and prove theorem 1.4 
and proposition 1.1. In section 5 we specify to some examples of submanifolds 
in calibrated Riemannian manifolds, namely in a foliated space, in Kahler and 
quatemionic-Kahler manifolds. 



2 The morphism O 

Given Q. a m-calibration on M, we consider the TM- valued (m — l)-form D!^ : 
A^-irM^^ TM, g{a^X2 . . . = . . . ,Xm), where X,- e TpM. Let 

F : M M be an immersed submanifold of dimension m with normal bundle NM, 
and ^2-angle 6. We denote by V, V and V-^ the respective covariant derivatives 
of M, M and NM, and by B{X,Y) = VxdF{Y) the second fundamental form of 
F, defined by the following equations for X,F vector fields on M and U section 
of NM 

VxY = {VxYV, (VxY)^ = 5(X,y), V^U = (VxU)^, 

where (■)^ and (■)^ are the orthogonal projections into TM and NM respec- 
tively. The mean curvature is H = ^traceB. We consider the morphism $ = 4>fi : 
TM NM defined in (1.3), ^{X) = {Q.^{*X))^. Recall the covariant derivative 
and the co-differential of 4> are given by 

Vx^{Y) = V^{^{Y))-^{VxY), 8^ = -Y^VxMXi)- 

i 

Lemma 2.1. IfX e TpM and U e NMp are units, then \g{^{X),U)\ < sin 0. 
Proof. Let Xi be a direct o.n. basis of TpM with Xi=X. Consider the function 

0(0 = ^{^,X2, . . . = I cos e I + ^mx) , u) 

where e = ±1 s.t. ecos 6 = \ cos 0|. Since is a calibration, ^{t) < 1 for any t. 
We may assume cos0 ^ 0. At f = ^^j^^, 0(0 = y/cos^ 6 +g{^{X),U)^ < 
1. □ 
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Lemma 2.2. ForXi and Ua d.o.n. basis ofTpM andNMp respectively, we have 

54) = mcose//-i:„(Vt/„a)(Xi,...,X„)f/« 
(V4>,5) = -coseQa{B)+j:jk{yxP){Xi,...,B{Xj,Xk)ik),...,Xm) 

Proof. Let U a section of NM and Z e TpM. We may assume W-^U{p) = 
VX,{p) = 0. At p, g{{VzUy,X) = -g{B{Z,X),U), VzXi{p) = (VzXi{p))^ = 
B{Z,Xi), and 

g(Vz4>(Zi),C/) = Z-g(4>(Zi),C/) = J(n(C/,X2,...,X^))(Z) 
= Vz^iU,X2, . . . +n((VzC/),Z2, . . . 

+Li>2^{U,X2,...,VzXi,...,X„^) 

= Vzn(C/,X2, . . . +n((VzC/)T,Z2, . . . 
+I/>2g(^i*(^2, . . . ,5(Z,Z0, . . . [/). 

That is 

Vz4>(Xi) = I«Vzn(C/a,X2,...,Z^)C/a-cos05(Z,Zi) 
+I;>2(^i"(^2, . . . ,B{Z,Xi),. . . 

We have *Xk = (- A . . . AXk A... AX^. Hence, 

Vz<I>(Z;fc) = E„(-l)^+^Vza(t/a,Xi,...,X^,...X„)t/a-cos05(Z,X;t) 
+Ei</<^(-l)'+H^^H^i, • • • ,5(Z,X,), . . . . . . 

+i:;t<;(-l)*+n^"(^b • • • ,4, • • • ,B{Z,Xi),. . . ,X,n))^. 

Therefore, 

^yxM^k) = Za-dQ.{Ua,Xu...,X^)Ua 

+la ( V(/„ a) (Xi , . . . , t/« - cos eB{Xk,Xk) 

+ZkZi<k{-^f^\^\B{Xk,Xi),X,, . . . X . . . ,4, ■ ■ ■ 

+i:fei:fc<i(-i)'^+'"n^*(5(^-t,^/),^i, • • • ,4, • • • X . . .,Xm))^ 

Interchanging / by k in the later line and using the symmetry of B and that dQ. = 

we prove the first equality of the lemma. The computation of the second equality 
is similar with (V$,5) = Y.ji^g{Vxj^{Xj^),B{Xj,Xi^)), recalling the definition in 
(1.6), where A^^) = Li<kLjmXi,Xk),B{Xj,Xi) AB{Xj,Xk)). □ 

Proof of Theorem 1.2. Consider the vector field Z on M defined by 

g{Z,X)^g{^{X),H) WXeTM. (2.1) 
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Using lemma 2.2 we have 

div{Z) = -g{5^,H)+^ig{^{X,),Vj,^H) 

= -mcos0||//f + (V-^//,4))+V//f2(Xi,...,X„). (2.2) 

Assume Z ^ 0. Take X = Z/\\Z\\ and U = ^{X)/\\^{X)\\. By lemma 2.1, 
||4>(X)|p = g{(^{X),U)^ < sin^0. From this inequality and applying Schwartz 
inequality in (2.1) we get 

||Z|| < sine||//||. (2.3) 
If V denotes the outward unit of dD, integration of (2.2) on D and (2.3) gives 

[ {-mcose\\Hf + {V^H,^))dV+ [ Vh^ 
Jd Jd 



ID 

< 



dD 



(Z, v)dA 



< 



dD 



sine \\H\\dA 



□ 



Theorem 1.3 and its corollary 1.1 are an immediate consequence of theorem 1.2. 

Proof of Corollary 1.2. By theorem 1.2, mcos e 4? \\HfdV = /^(V^/f ,<I>)JV. 
We use Schwartz and a geometric-arithmetic inequality to obtain 

|(V^//,^>)| < \g{S^iHM^i))\ < LiW^iHW fi sine < V^fl sine ||V^/f II, 

where is any orthonormal basis of TpM. If equality holds, then ^'(X,) = a, V^.// 
or Vj^.H = I^MXi), and if V^// 7^ we must have = jU sin0, where 

a,-, j8,- e M. Since sin ^ we must have Vx.H = 4>(v/(X,)), Vi. □ 



3 Acos0 

In this section we are assuming n is parallel and F-.M""^ M^^' IS an immersion 

with COS0 > 0. We use the curvature sign convention R{X,Y) = — [Vx,Vy] + 
V[x,Y]- Thus, R{XJ,Z,W) = g{R{XJ)Z,W). 

Lemma 3.1. V cos 0=5^ and 

Acos0 = -cose Q{B)+m{V^H,^)-^ijR{Xi,Xj,Xi,^{Xj)) 
Alog(cos0) = -Q^(B) + ^{V^H,^)-^^,jR{X,,Xj,X,MXj)) 

4^) = ^{QdB)-^{y^H,^) + ^^^jRiXi,Xj,x,Mm) 

where Qa{B) = Qa{B) + \\B^\\^. Moreover, || V cos 1 p < m sin^ 1| 5 1| ^ an J 

< m sin^ 0. Furthermore, ifn = 1, > sin^ 0. In the later case ifm = 2 
andH^O, then ||Vcos0f = i||5f(||^2||2 _cos20) = i||5||2||4)||2. 
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Remark. In this lemma the expression of A cos 6 is still valid for cos with any 
value in R, since, at points where cos 6 = 0, cos 9Qq,{B) means 

Proof. For a local orthonormal frame Xi, and where (7) denotes "place 7", 
dcosOiXk) = LMXu . . . , V;,,X,„, . . . 

= Lj^i^l, ■ ■ ■ ■,B{Xk,Xj)i^j),. . . ,Xm) +Y^jQ.{Xi, . . . , Vx^X/yj, . . . ,Xm) 

where we used in the last equality (S/xiXj,Xj) = 0, and Q.{Xi, . . . .X^^^ . . . ,Xm) 
vanish for k 7^ j. Differentiation of the later equation at p, and using that 

Vx,5(X,,X,) = Vx,B{Xk,Xj)-Z^g{B{Xk.Xj)MWi))Xi 
Lk^xA^k.Xj) = j:,VxAXhXk)^myjtjH-LkiRiXk,Xj)Xk)^, 

where in the latter equality we used the Codazzi's equation for B, VxkB{Xj,X]^) = 
VxjB{Xk,Xk) - iRiXk,Xj)Xk)^, we have 

Acos0 = Zk^x,dcose{Xk) 

= LkLs<j'^^{Xi,- ■ ■ ,B{Xs,Xk)^^^, . . . ,B{Xj,Xk)^j-f, . . . ,Xm) 

+LkMXu VxAXk,Xj)u), . . . ,Xm) - COS egiB{Xk,Xj),B{Xk,Xj)) 
= Ls<jLk2{'i'{Xs,Xj),B{Xs,Xk) AB{Xj,Xk)) +m(V^//,4>) 

-cose\\Bf-ZkjRiXk,Xj,XkMXj))- 

The lemma now follows from the expressions of A log cos 6 and A (3^) in terms 
of Acos0. Next we estimate ||Vcos0|p and ||^||. By lemma 2.1, ||^>(Z;t)|| < 
sin0, and so ||^>|p < m sin^ 0. Now, from the first equation in this proof, 

||Vcos0||^ = \\B^f <'£ijkSm^e\\Bij\\\\Bik\\ 

< i:o-fe^^(||5,-,-||2 + ||5,-^||2) <^sin2 0||5||2, 

where Bij = B{Xi,Xj). Note that > 1, because there exists a calibrated 
subspace. Consequently, ifn=l, l<||n|p = cos^© + what implies 
||4>[p > sin^ 0. Finally in case m = 2 and n = 1, let V be a unit normal to M 
and set Bij = g{B{Xi,Xj),v). From minimality of F 

||Vcos0||2 = n(5(Xi,Zi),Z2)2 + n(5(X2,Zi),Zi)2 
+n(B(Xi,X2),X2)2 + n(5(X2,X2),Zi)2 
= B\^£l{v,X2f + B\2£i{v,Xxf+B\2£i{v,X2f + Bl2£i{v,Xxf 

= ^||5||2(n(v,X2)2 + n(v,Zi)2) = l||5||2(||n||2-n(Zi,X2)2). □ 

An immediate consequence from the last equality of lemma 3.1 follows next: 
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Proposition 3.1. If m = 2 and n = I, F is minimal and cos0 is constant, then 
either F is a calibrated submanifold or it is totally geodesic. 

Proposition 3.2. IfF is a parallel submanifold then (1.7) =0 holds. 

Proof Fromproofof lemma 3.1 Vjf,5(Xfc,X^) = mVx.//-E^(^(Xfc,Xj)X^)^. 
Since VB = 0, then Lfc(^(Xfc,X^)X^)^ = 0. □ 

Proof of Proposition 1.3 Since F is calibrated, F is minimal, and by lemma 2.1 
4> = 0. From lemma 3.1, = Q£i{B) = Qa{B), and so 5 = 0. □ 

Recall the average value of a function / on a domain D and on dD is given by: 

Proof of Theorem 1.5. Using lemma 3.1 we obtain the first inequality of (1.8), 
and under the assumptions of the theorem have 

Alogcos e<-Qa{B)<-5\\Bf. (3.1) 

Thus, applying lemmas 2.1 and 3.1, we have after integration of (3.1), 

S f \\Bf < f -^(Vlogcos0,v)jy< / y/msuptan G\\B\\dA 

JD JdD JdD dD 

and second inequality of (1.8) is proved. If tan 1|5|| is integrable on M, then so it 
is Vlogcos 9, by the first inequality of (1.8). Since — logcos0 is an subharmonic 
function by (3.1), then applying the Stokes theorem for complete manifolds in 
the version given by Yau ([38] Corollary page 660), we conclude Alogcos 0=0. 
From (3.1), this implies 5 = on D, and (A) is proved. (B) follows immedi- 
ately. To prove (C) we use the Omori-Cheng-Yau maximum principle. Under 
the assumptions, by Gauss equation Ricci^ is bounded from below. If we assume 
infM cos 6 >0, then we take a sequence pk such that u{pk) — > sup^ u, '^u{pk) 
and lim^Aa(;?yt) ^ when k +oo, where u = log(cos0)^^ This implies by 
lemma 3.1 that Qsi{B){xk) 0, and so inf^ ||5|| = 0. □ 

Proof of Theorem 1.6. Recall that if a surface is parabolic, any nonnegative 
superharmonic function is constant. By Gauss equation, the sectional curvature 
of M satisfies Km = R{Xi,X2,Xi,X2) — jH^jp. Let C be a compact set of M such 
that ^ o F > away from C. (1) Since Mis 3-dimensional, Qq,{B) > ||5|pandby 
lemma 3.1, 11 Vcos sin 6. Again, by lemma 3. 1 and the assumptions 
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of the theorem we have A cos 6 < — cos so 

< 7^^(-cos0||5f-p^)<O (3.2) 
- (l+cos0)^ " " (1 + cose)^- 

We consider on M the complete metric g = ( 1 + cos 0)Pg, where we choose p>2. 
This metric has sectional curvature K that satisfies on M ~ C 

K = ^^^:^^(^(Xi,Z2,Zi,X2)-l||5||2-|Alog(l+cos0)) 

1 / 1||D||2 P 1 f aw l|2 

- (l+cos0)A-2ll^ll +2(l+cos0)^''''^ll^ll +(l+cos0)^^ 



> 



1 / 1 P COS0 p sin^0 \ 



2 



(l+cos0)/'^ 2 2(l + cos0) 4(l + cos0)2 



4(1 + cos 0)/'' 

Note that = ( 1 +cos oydV and so J^K^dV < +oo, where = max{-^, 0}. 
This implies that (M, g) is parabolic, and so it is (M, g) , since A = ( 1 + cos ) "PA. 
From (3.2) we have cos 6 constant and since cos > 0, we conclude that 5 = 0. 
(2) We consider on M the metric g = cos^ dg. This metric is complete because 
1 > cos > T > 0, and by lemma 3.1 and the assumptions on the theorem, the 
sectional curvature satisfies on M ~ C, 

^ = cos~^0(ii:M-iAlogcos0) >cos~^ eR(Xi,X2,Xi,X2) >0 
2o 

and A ~\) ^ c^W^W^- same arguments as in (1), 5 = 0. □ 

Proof of corollaries 1.3 and 1.4. First we note that the graph F/ of a map 
/ : (M, gi) {N, h) defines a complete submanifold of (M xN^gi x h) provided 
(M,gi) is complete. We are considering Q. the volume calibration. (1) is a result 
of theorem 1.6(1), since graphs satisfy cos0 > 0. (2) is a consequence of theo- 
rem 1.6(2), because the eigenvalues of f*h satisfy IA1A2I < 1 — 5, what implies 
Q£i{B) > 5\\Bf and cos > T = (H-C+ (1 - 5)^)-^/^, where \\dff < C (see 
subsection 5.1). To prove (3) we use theorem 1.5 (A). Since < 1 — 5 (case 
n > 2), Qq, is 5-positive. Now we only have to check that (1.7) holds. Using 
Xi and Xm+a suitable orthonormal frames of {TM,g = gi +f*h) and of {NM,g) 
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respectively (see section 5), we have 



j:i^jRiXi,Xj,XiMXj)) = 

^~ M 2 N 

= COS 6 (i^;^2)(i_,_;i_2-) {Rf — ^^R'^ {cii+m,Clj+m,ai+m,Clj+,n)) (3.3) 

IJ+XJ)^^^"^ (^j^j)- I'j^i (1+a/)(1+A/) (-^1 ' «i ) + (fli+m , a j+m ) ) j3 .4) 

If n = 1, A,- = for i > 2 and the last term of (3.4) disappears. For n > 2, 
if we assume at each point p e M and two-planes P of TpM and P' of Tf(^p^N 
KiiP) > K^iP'y = max{KM{P'),0} ( or Ricch(p) > and, iSr^vl^") < -^i(^) 
respectively ) then we get Yi^jR{Xi,Xj,Xi,^{Xj)) > from (3.3) (from (3.4) 
respectively). This implies by theorem 1.5, that Tf is a totally geodesic subman- 
ifold of M, on therefore / : (M.gi) — > {N,h) is also totally geodesic ( see [[30l or 
[|25ll32ll ), and so we have equality to zero in all above equalities (see proposition 
3.2). In this case all A/ are constant. Moreover if at some point Ki{p) > ( or 
Riccii > respectively) then Xj = for all j, and / is constant. □ 

Proof of corollary 1.5. We have cos0 > 0, Qa{B) = Qq.{B) > \\Bf and (1.7) 
holds as well. In this case we use a modified version of the proof of theorem 1.5 
(A), by considering Acos0 = —cos6Q^{B) < 0. Integrability of ||Vcos0|| < 
sin \\B\\ implies Acos 0=0, and so = 0, that is M is an hyperplane. □ 



4 The Cheeger constant of a submanifold 

In this section we estimate the Cheeger constant (1.1) of a Riemannian manifold 
(M, g) . If (9M 7^ then D satisfies dD n dM = 0. If M closed we may let D = M. 

Proposition 4.1. / I39l/ IfM is complete simply connected and the sectional cur- 
vature satisfies Km < —K, K a positive constant, then [)(M) > (m — 1) v^^. 

The proof is based on the use of the comparison theorem to obtain Ar > (m — 
l)v^ where r is the distance function to a point, and integration on a domain D. 

Proposition 4.2. IfM is complete and Ricci^ > then i){M) = 0. 

Proof. If we assume the Ricci curvature of M satisfies Ricci^ > 0, following 
J3| for m = 2, by a result due to Cheng [8J the first eigenvalue of the Dirichlet 
problem on a geodesic ball Br{p) is less than or equal to the first eigenvalue of 
a geodesic ball of the same radius of M™, that is Ci/r^ for some constant Ci > 
that does not depend on r. Therefore Ai(5^(p)) < Ci/r^, for < r < +0°. By a 
well known inequality due to Cheeger (Theorem 3 p. 95 in [TJ), we get t)^(A/) < 
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i) (Brip)) < 4Xi{Brip)) < This implies for M complete that f)(M) =0. □ 

Given a smooth function / : M ^ M and a regular value of \f\,t E the sets 

D+{t) = {peM: \f{p) I > t}, D-{t) = {peM: \f{p)\ < t}, 
Lfit) = {peM:\np)\=t} 

define smooth submanifolds with dD^{t) = T.f{t). Set V±{t) = y(D^(?)) and 
A{t) —A{'Lf{t)). ThenV±{t) are smooth on and the co-area formula (see e.g. 
[|71) states that for any nonnegative mensurable function h (or h E (M)), 

-\-oo 



/ h\\yf\\dV = dt hdA{t). 

Jm Jo J^f{t) 



Applying the co-area formula io h = || V/|| with A = Dj{s) for s regular 

value, where ^ is the characteristic function of a set A, one obtains 



V^'{s) = ± [ Wf\\-UA{s). 



Lemma 4.1. IfDj{s) is compact for s < sup |/| (s > inf |/| resp.), then 

iD^.is)\\^f\\dy 



f)(M) < ± 



^-iD^is)\f\dy 



Proof. Using the co-area formulas for / restricted to the interior of [s] ( at 
regular values s), and that ()(M) <A{t) /V-{t), \/t < s, we have 

/ \\Vf\\dV = fA{t)dt> [\{M)V-{t)dt 
Jdj{s) Jo Jo 

= HM){tv4t)]l- [tvL{t)) 

= f)(M)(.V_(.)- r / \f{x)\\\Vf\\-'dA{t)dt) 
^ Jo JZf{t) ^ 

Jd1(s) ^ 



where in the last equality we use the co-area formula for h = j^^j^- Similarly 
for D^{s). Note that the functions {s - iojis) IfldV) = /o^-(0'^'^ and {-s + 
■j-u+{s) \ = V^{t)dt, where = sup^ |/|, are increasing on s. □ 
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Corollary 4.1. The Cheeger constant ofM vanish if there exist a smooth function 
f such that Dj{s) is compact < sup^ |/| = +0°, and for some constants < 
a, 5 < 1, we have -foj.{s) 11^/11'^^ ^ ^"'^ ^£>7(s) I/I — ~ ^)^^ when s — > +0°. 

Let r be the distance function to a point p. Recalling that || Vr|| = 1, we have 

Corollary 4.2. Ifr^ is smooth for r<s, f) (M) < 2krdV / {s^ - is.^p) r^dV). 
In particular, if-fg^^^p^ r^dV < (1 — S)s^, where < 5 < I is a constant, {M,g) is 
complete, and r^ smooth on M, then f)(M) = 0. 

Note that in the previous corollary, -f^^^^^-^rdV < {-fg^i^p^r^dVy/^ < a/(1 — 5)s, 
and Dj{s^) = B,{p). Thus, if [){M) ^ 0, then lim.^+^jjig^^p^r^dV = 1. If 
M = R"\ in corollary 4.2 we may take 5 = 

If M is a submanifold of a (m + n) -dimensional Riemannian manifold {M,g) we 
can also estimate the Cheeger constant of M under certain conditions. Recall 
( [|29l |28l ) that a vector field X on M is strongly convex on a open set U of M if 

Lxg > lag 

where a > is a constant. Examples of such vector fields are ^Vr^ = on 
a geodesic ball of M of radius R and center p that does not intercept the cut 
locus at p and \/lcR <n/2 where k = max{0, sup^^^p^ K} and K are the sectional 
curvatures of M. A strictly convex function f on M with Hessf > ag defines a 
strongly convex vector field V/. Positive homothetic no-Killing vector fields are 
strongly convex. In R"'+" the position vector field Xx — xis such an example. If 
F : M — > M is an immersed submanifold let Xf denote the vector field X along F. 

Lemma 4.2. IfM carries a strongly convex vector field X on a neighbourhood 
of an immersion F : M ^ M then (sup^ ||X/7||)^^ < +supyi^ ll-^^ID- In 

particular ifM is minimal and has zero Cheeger constant then Xp is unbounded. 

Proof. By an elementary computation (see [[2T| or [|29ll ) for any immersion F 

mg{H,Xf) = divgiXp) -\trgL^g 

where Xj is the projection of Xf onto TM. Integration on a domain D gives 

amV{D) < [ g{Xj,v)dA- f mg{H,XF)dV 

JdD Jd 

< sup\\XF\\(A{dD)+ [ m\\H\\dv) 
D Jd 

where V is a unit normal to dD. Thus (sup^, < -^{j^^j§^ + jD\\H\\dV^, 

with jjy \\H\\dV < supm\\H\\ ■ Taking the infimum on D we obtain the proposition. 

□ 
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Corollary 4.3. IfF : M R"+'" is a minimal immersion with zero Cheeger con- 
stant, then F is unbounded. 

Proof of Theorem 1.4. Using theorem 1.3, on each ball Br{p), and for any do- 
main D C 5^ (/>), \\H\\ < ^{infg^i^p-jCos6)^^^j^, and so, taking the infimum for 
D C Br{p), in\\H\\ < (infg^(p-)COS By assumption of the theorem 

infg^(p-)Cos d > Cr^^ , and (1.4) leads to \\H\\ < Cr^^^ for some constant C > 
that does not depend on r. Thus, letting r — > +00 we obtain \\H\\ =0, and theorem 
1.4 is proved. □ 

Proposition 1 . 1 is an immediate consequence of proposition 4.2 and Theorem 1.1. 

If under certain conditions we have Acos 6 <0, (as in theorem 1.5) and 6 is 
not constant, by the maximum principle, for any regular value of cos 0, D (e) = 
{p : cos 6 < e} cannot be a compact domain. Next we assume for £ > 0, the set 
D+(e) = {p : COS0 > e} to be compact. The next proposition is an attempt to 
understand what happens if one replaces the assumption Q{B) > by the 

weaker condition Q{B) > 0. . 

Proposition 4.3. Assume cos 6 > 0, and D^{£) is compact We E (0, 1]. Then: 

(a) If there exists constants a, 5 G (0, 1) such that -j^+^^-^{cos 0)^^dV < (1 — 5)^, 
and sine cos < (l)c^jore ^0, then ()(M) =0. 

(b) IfM is immersed with parallel mean curvature, Qq,{B) + (cos 0)^^||5<5||^ > 
and (1.7) holds, and for some constant a > 1, (cos 0)^^"+^) sin0 < 
+00, then either Jj^ (cos0)^("+^) ||5|p(iy = +00, or M is compact. 

Proof By lemma 3.1, / = l/cos0 in (a) satisfies fo+(e) W^fW < and 
in (b) A/ > and / > 0. Then (a) follows from corollary 4.1. Now we prove 
(b). For each s fixed we consider the compact sets Df{s) and S/(^) and follow 
close the proof in ||26| (lemma 7.1) replacing r by /. We take a cut off function 
^(/) : M ^ Mq where : Mq — > [0, 2] is a smooth nonnegative bounded function 
satisfying (l){t) = I if t < s, (l){t) = if t > 2s, and ((^0^ < Cs^ and |(^"| < Cs^, 
C > a constant that does not depend on s (see for example, lemmas 7.1 and 6. 1 
of [m and p. 661 of (Ml)- Assume 2s G Rf. Then integrating A((|)2(/)/«-i/) 
on Dj{2s), applying Stokes and using that A/"^^ > we have 

o< / 02(/)r-iA/jy 

JdJ{2s) 

< [ -{2Hf)mf))+2MHf))f)rdv 

JDjils) 

- I (4(a-l)(|)(/)(V(<|,(/)),V/)/«-i+2(v(<|,2(/)/«-i),V/))jy. 
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Hence, 

if 0V)(«-i)r"'iiv/i|2< 

Jdj{2s) 

I -2m(f{f)mf+<^'{fw)rdv 

Jdj {2s) 

-[ 2{\\V{(l>{f))fr+2{a-l)Hf){^{m):^f)r-')dV 

Jdj{2s) 
Jdz(2s) 



< [ ^iiv/iiV"+-A/r+(a-i)-r-i||v/i|2 

Jdj{2s)s^ s s 

+ [ ^ -40(/)r-^(v(0(/)),v/), 

JDJ{2s) 

where C > denotes a constant that does not depend on s. On the other hand 

-4</)(/)r-^(V(0(/)),V/) = -4(/?V(0(/)),/'t^<|)(/)V/) 

- 2((^iiv(0(/))iiv«+^^r-'0(/)'iiv/ip). 

This implies 

f {a-l)r-^VffdV< [ {a-l)(l>\f)r-^VffdV< 

Jdj{s) Jdj{2s) 

Assuming JJ^^ integrable on M, by lemma 3.1 ||V/f/", and so ||V/f/""\ 
are integrable, and under the condition of integrability of ^^^a+ig W^W we obtain 
the integrability of Aff". Making s — > +0°, from the above inequality we have 

/ {a-l)r-^mfdV= lim / (a-l)r-2||V/||2jy = 
and / is constant, what is impossible unless M is compact. □ 
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5 Some calibrations 



5.1 The volume calibration 

We consider in a Riemannain product M — M x N of two Riemannian mani- 
folds (M.gi) and (N, h) the volume calibration (1 .2), and M a graph submanifold 
F = Tf : M ^ M X N of a map f : M ^ N. The graph metric on M is the induced 
metric g = gi + f*h by the graph map Tf{p) = {p,f{p)). We take a,- a diagonal- 
izing ^i-orthonormal basis of f*h with eigenvalues Xf > . .. > X^^ > 0. Let k 
such that X^ > and A^^j = 0, and consider the orthonormal system of Tf(^p-jN, 
ai+OT, . . defined by df{ai) = XiUj+m, and extend to an orthonormal basis 
ai+„,, . . . , Un+m- Then for / = 1 , . . . , m, a = 1 , . . . , n ( where = for a > + 1) 

_ dTf{ai) _ai + Xiai+m „ _ Xaa 

define respectively an orthonormal basis of {Ti^p ji^p-^^Yf.g) and of (NMp.g). The 
sign of A, can be chosen such that X,- is a direct basis of Tf. Then considering 4> 
as a morphism from T(^pj(^p^-^Tf to A^Mp we have 

4>(X,) = cos0A,-X,-+„, COS0 = (n;(l + A2))-i/2 

and as a morphism from TM, 4>(a/) = cos 0{{df'df (at), —df{ai)), where J/^ is 
the adjoint map. For B = Y^ij^ hfjXa, a = m + \ , . . . ,m + n we have 

If n = 1, Qq,{B) > \\B\\^. For n > 2 if we assume |A,A/| < \ — 5 for i ^ j, where 
< 5 < 1, the quadratic form Qa{B) is also 5-positive. Indeed, we have ( IfTTl ) 

Qa{B) = \\Bf + j:,,Xl{hT+')^ + 2U,<jX,XjhJ+%-'j 

= 5\\Bf + {l-d)\\Bf + Z,,XhhTk+'f + 2U,<jXiXjh^^^^ 

> 5\\Bf + {l- 5)(l<,,,[(C)' + (^?')'] +^A^Tf) 

Moreover, cos^ (^^Af) < sin^ <{m- 1) cos^ 9 (l,Af ), for 

sin^ = 1- cos^ = cos^ (n,-( 1 + Af ) - 1 ) = cos^ (I^-Af + I,-<;Af AJ + ...)• 

We denote by Vdf the Hessian of / : (M,gi) — > {N,h). Let = g{ai,aj) = 
dij{l + Xf) and consider the section W of f^^ TN and the vector field Z\ of M: 

W = tracegVdf = Ziig'^^df{ai, Uj) , Zi = Zstg"K^, df{a,))a,. 
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Then (see [|30l ) mH = {—Z\,W — df{Zi)). Assuming H is parallel with c = \\H\\, 
the vector field Z we used in the proof of theorem 1.2 can be expressed as Z = 
— 2^Zi. We have the relations ||Zi < mc, divg^ (Zi) = m^c^, ||Z||g < | sin0|c, 
divg{Z) = —mc^ cos 6. Integration on D of divg^ (Zi) gives theorem 1.1. 

5.2 The foliation calibration 

Assume n : M ^ N is a transversally oriented m-foliation of an oriented Rie- 
mannian manifold {M'"^",g) onto a set with M = Uy^^My, where the leaf at 
y. My = 71^^ (y), is an oriented m-submanifold, and such that for each x E M, 

we have a split TxM = T^M^ © T^M^ where the vertical space T^M^ = 7i(^;r(x)) is 

— h 

orthogonal to the horizontal space TxM , defining smooth oriented vector subbun- 
dles of TM. If is a smooth n-manifold, ;r is a fibration if V.x;, Kern dTt{x) = T^M^ 

and d7t{x) : T^M T^[x)^ isomorphism, and it is Riemannian if has a 
metric h such that dK{x) is an isometry for any x. We define for X, vector fields 
ofM 

^2(Xi,...,x„) = vo/;,(,)(x[,...,x,;) 

where Vol^{^x) the volume element of the leaf dX p = Tz{x) . Let ea,a= 1 , . . . , m + 
n, be a local orthonormal frame of M with e,-, i = l,...,m, vertical and ea, 
a = m + I, . . . ,m + n, horizontal. We denote by B^^{ej, ei) = (Vg.ei)'^ the sec- 
ond fundamental form of the leaf Mj^(^x) the mean curvature at x. We 
assume e,- is a direct basis of the leaf. Now we have 

^e„^iea,eu . . . , e,-, . . . , em) = -O-iVeaea^ei , . . . , e/, . . . , = {-\yg{Veaea, ei). 

From this equality and other similar ones, follows the following lemma: 

Lemma 5.1. All components ofVQ. and of dQ vanish except for the following 
where i.,] <m, a, /3 > m + 1 

^_ej^ (ea, ei, • • • , e/, • • • , e™) = (-l)'+^|_(5''(e;, 

dQ.{ea,ei,...,em) = -mg{W\ea) 
dQ.{ea,e^,ei,...,ei,...,em) = {-\yg{\ea,ep],ei) 

So, dQ. = Q iff W = and [rM'\ Tht] C Tjt, and Va = iff B'' = and 
{V^-hTM y = 0. Therefore, we can conclude: 

Proposition 5.1. Q. is a calibration in M, that is dQ. = 0, if and only if the leaves 

— h 

are minimal and the horizontal subspace defines an integrable distribution TM 
of rank n. In this case f2 calibrates the leaves and consequently they are stable 
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minimal submanifolds. It defines a parallel calibration if and only if the leaves 

— h 

and the integral submanifolds ofTM are all totally geodesic. 

Corollary 5.1. Ifn = 1 and n defines a foliation ofM by minimal hypersurfaces, 
then Q. defines a closed calibration and the leaves are stable. Q. is a parallel 
calibration if and only if the leaves are totally geodesic and the unit normal X to 
the leaves satisfies = 0. This is the case when for some function f : M —>-W, 
Y — fx defines a nondegenerated Killing vector field with f constant along each 
leaf. 

Proof. We only have to prove the last statement. From integrability of the leaves, 
one easily sees that = g([e,-,e^],y) = 2g{ei,V,.Y) = -2^(5^(e,-,e^),y). More- 
over, fg{V^X,e,) = -g{^,Y,X) = -dfia). □ 

If n = 1 the mean curvature and the second fundamental form of the leaves have 
been studied by Barbosa, Kenmotsu, Oshikiri, Bessa and Montenegro in [Elllll, 
for the general case Q. closed. The above corollary 5.1, using the fact is a closed 
calibration, gives an elementary proof of the stability of the leaves (see introduc- 
tion) proved in [4J using more classical stability arguments involving eigenvalue 
problems and maximum principles. 

Corollary 5.2. Let (N^h) be a Riemannian manifold and G a Lie group and 
N' d G a subset that acts transitively and freely on N as a group of isometrics, 
and f : M ^ N a smooth map defining a minimal graph Tf ofM x A^. If the orbit 
{Mm X N')NM of the normal bundle ofTf defines an integrable distribution of 
M xN, then Tf is stable. Furthermore, ifG = N = N', and g = TgG, e the identity 
element, then the later condition is equivalent to \if= ~df : g C°°{TM) is a Lie 
algebra homomorphism. In particular all minimal graphs m M x M are stable. 

Proof. This argument is used in flU for = G = M to construct a foliation in 
M xN. Let af{p) = La{f{p)), where a E N' C G acts on the left of A^, and 
a on TyN acts as {La)*y. Since the action is free and transitive then M x N = 
UaeG^af is a foliation, and since each a is an isometry, Taf is a minimal sub- 
manifold. Now, the normal bundle of Taf is just given by {Id x {La)*){NM) = 
{{—dfp{Y), {La)^f(^p)Y) : Y G Tj-(^p-^N}, and we get the integrability condition on 
the orbit. If G = = A^', this means {{-dfp{Yf^p))Jy)J e Q,y e G,p e M} is 
an integrable distribution, where Yy = {Ly)^e{Ye). We easily see this is equivalent 
to [V^(X), V^(y)]M = ¥{[^iY]), where V^(X) defines a vector field on M, that at 
peM values -dfp {Xf(^p) ) . □ 

Remark. In the previous corollary, if m = n, M = M" and / = V0 where ^ : 
M" — i> M is a smooth function, defining a minimal Lagrangian graph in R" x M", 
then V^((9;) = Hess^'^{di). The stability condition means D^(l){Hess^\di),dj,dk) 
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= ^ {Hess ^'^ (dj) , di, d^). This seems to be quite different from the condition 
of special Lagrangian graphs. Minimal Lagrangian graphs are calibrated by the 
special Lagrangian calibration ([17J), and may not satisfy the above condition, 
that is related to a different calibration. 

Corollary 5.3. Any minimal submanifold M™ of R'""'"", with n = I, is locally 
stable and locally a calibrated submanifold. The same also holds for n >2 if 
for a local representation as a graph of a map f : —>■ M", \j/ — —df : M" — *• 
C°°(r]R™) is a Lie algebra homomorphism. 

Proof. Let p E M and D a compact neighbourhood of p where it is defined v«, 
an orthonormal frame of NM defined on D. We identify L = TpM with W\ 
Now dnii^p) is the identity map of TpM where ni^q) =q — T^aSi^l: ^a{p))Va{p) 
and we may assume is a diffeomorphism. Thus, D is the graph of a map 

/ : R"' W\ □ 



Next we generalize the main result of Q (proposition 2.14) for any codimen- 
sion. We assume Tm'' is an integrable distribution and consider the maximal hori- 
zontal integrable n-submanifold E passing at a given pont xEM, with second fun- 
damental form (ece,ej8) = {Ve^epy, and mean curvature = j^Y^a^xi^a^^a)- 
Let s"^' be the scalar curvatures of the leaves and s'^ the ones of the horizontal inte- 
grable submanifolds, and Ricci and 5 the Ricci tensor and scalar curvature of M, 
respectively. defines a vertical vector field of M, and consider its divergence 
in a fiber and in M respectively: 

div{H'^)=l^g{Ve^H\e,), MH")=l,g{yeaH\ea) 

i a 

Similarly for the horizontal vector field we may take its divergence along an 
horizontal integrable submanifold E, divY.{H^) = Y.aS^ ea^^ ^a)- 

— h 

Lemma 5.2. Assuming TM is an integrable distribution 

dh>{H^) 
diviH") 
ndiv{H'')+mdivx{H'') 



IndiviH") +2mdivz{H'') 

= s-s" 



= div{H^)-n\\H''f 

= J/vz(//^)-m||//^f 

= ZiRicci{eu ei) - s'' + m^\\H"\\^ + \\B^\[ 
= YaRicci{ea,ea)-s^ + n^\\H"f + \\B' 

-s'' + m^\\H'f + n^\\H''f+\\B''f+\\B' 
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Proof. We may assume at a points:, (Vg^e((x))^ = (Ve^ea(jc))^ = 0, Va, /, a. The 
first two equalities are obtained by an elementary computation. At x 

= 8{R{ea,ei)ea + yea^eiea+'^[ei,ea]^a , )• 

and 

leading to I,i,a8{'^[ei,eafa , ei) = \\B^'f + {{B^f, and consequently, 

ndiv{H^) = ZaA^cc,euea,ei) + \\B''f + \\B'f-mdivz{H''). 

Now LiaR{^a,ei,ea,ei) = Y.iRicci{euei) - "ZijR{ej,euej,ei) and using Gauss 
equation with respect to a leaf, we obtain the first expression for ndiv{H^) . Writ- 
ing Lia^{^a,ei,ea,ei) = Y.aRicci{ea,ea) -Y,apR{ea-,e^,ea,e^) and applying 
Gauss equations with respect to L we get the second expression for ndiv{H'^). 
Summing the previous two expressions we obtain the last one. □ 

Proposition 5.2. Assume M is closed, is an integrable distribution and W 
is a divergence free vector field along each horizontal integral submanifold. Then 
W = 0, i.e. the leaves are minimal and dQ. = 0. Furthermore. ■ 

(1) If H'^ is also a divergence free vector field along each leaf the horizontal 
integral submanifolds are minimal as well. 

(2) IfRicci > and s^' < Ofor all the leaves, the horizontal integrable submani- 
folds are totally geodesic andRicci vanish in the direction of all leaves and s^ = 0. 

(3) IfRicci > and s^ < Ofor all horizontal integral submanifolds E, then they 
are minimal and the leaves of Tt are totally geodesic and Ricci vanish in the di- 
rection of all horizontal vector fields and s^ = 0. 

(4) Tjfs > and + < 0, all the leaves and the horizontal integrable subman- 
ifolds are totally geodesic, and 5 = 5^ + 5^ = 0. 

Consequently, ifs > ( Ricci > resp.) and s>0 (Ricci > resp.) at some point 
X, then either the leafMy^^^-^-j or (and resp.) the horizontal integral submanifold at 
some y G K^^{x) must have positive scalar curvature somewhere. In particular, 
in the later case, n>2. 



24 



Proof. If divz{H^) — for each E, integration of div{H^) on M of the second for- 
mula of previous lemma gives W = 0. Similarly for (1), using the first formula. 
To prove (2) (3) and (4) we integrate the last three formulas of lemma 5.2, with 
W = 0, along each leaf Mj^(^^^, that is compact. □ 

If n = 1 and W is constant, with the same constant for all fibers, then W is a di- 
vergence free vector along each horizontal integral submanifold, giving the case 
inja. 

5.3 The Kahler calibration 

On a Kahler manifold (Mj,g) with Kahler form w{X,Y) = g{JX,Y) it is de- 
fined the Kahler calibration Q. = j^, that calibrates the complex submanifolds of 
complex dimension k. If 0i,...,Ok are the Kahler angles of M, cos 0i > . . . > 
cos 6k>0 and Ca = X/, Yi a diagonalizing o.n basis of F*w, that is F*w{Xi,Xj) = 
F*w(y„ Yj) = 0, F*wiX,, Yj) = cos OiS^j, then 

COS0 = £COS0i . . .COS0fe, £ = ±1 

and = -ecos 0(7(3^))^, ^{Yj) = ecos0(7(^))^. A submanifold 
M is said to have equal Kahler angles, if e = 1 and 0, = Wi (see B41 ). It is 
a complex (resp. Lagrangian) submanifold iff cosi^ = 1 ( resp. cosd- = 0). We 
assume M and M are of real and complex dimension 4 respectively and M has 
equal Kahler angles. We recall that :TM^TM and 4> : TM ^ NM (with 

respect to the Kahler calibration) are conformal morphisms with coefficient of 
conformality cos^ and sin^ tJcos^ t}, respectively. Note that ^» = — o [F*w)'^ 
with^'(X) = (JX)^, given in [[31I331. We have \\^'{X)f = sm^'&\\Xf. We can 
write (F*w)S = cos t^J^ where Jw is the almost complex structure of M, defined 
where cosi^ 7^ by JwiXi) = Yj. Similarly we get a polar decomposition for 
= cos -dJ^, the restriction of w to the normal bundle. The orthonormal frame 
of the normal bundle Uf = ^\-^), V/ = J^Ui = ^'(^) diagonalizes w^. We 
have 

a(Xi,X2,yi,y2) = ^{YuY2,UuU2) = -sm^i» 

and all the other components of in this basis vanish. Then it follows the condi- 
tion Qq,{B) > 5\\B\\^ is very restrictive. Consider the complex and anticomplex 
parts of B with respect the almost complex structures Jw of TM and of NM: 

B'iXJ) = \{B{X,Y)~J^B{J„XJ)), B-{XJ) = ^{B{XJ)+J^B{JwXJ)). 
Then 2(5) = + (cos 0)-i(||5''f - ||5^||2) +p, where 

\p\<^'^La<b,cmea.e,)\\ ||5(e,,e,)ll < 12fJ|||5||2. 
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Using this upper bound, for cos G (||, , if 

\\B"f> /\Y-.'"'^im^ilJ I-B"f , with 0< g < "cose-11 < 1 (5^) 

II II — (— ll+cose(13— oj) II II ' — COSH — ^ 

we have Q{B) > 5\\B\\^. Note that if M is a complex submanifold, Jw = = J, 
sin = 0, 5 is a complex bilinear form, and Q{B) = 0. So, calibrated submani- 
folds may not be totally geodesic. Theorem 1.5(A) gives (3) of next proposition 

Proposition 5.3. Let F : M -^M be a 2k- submanifold immersed with parallel 
mean curvature H and with equal Kdhler angles into a Kdhler manifold of com- 
plex dimension 2k and scalar curvature s. 

(1) [34'] Assume H = and M is Einstein. Ifk = 2 and s ^0, then F is either a 
complex or a Lagrangian submanifold. Ifk>3, s <0, and M closed, then F is 
either complex or Lagrangian. Ifk>3,s = 0, and M closed, then 9 is constant. 

(2) Ifk = 2, s<0,M closed and \\Hf > -{s/S) sin then F is either a 
complex or a Lagrangian submanifold. 

(3) Ifk = 2, cos 6 > 0, (L7) holds and (5.1) is satisfied for some 5 and cos d e 
(t5' ll]' ^ndM is closed, then F is totally geodesic. 

If M is a complex space form of sectional holomorphic curvature v then for U E 
NM, R{ea,eb,ea,U) = ^w(ea,ei)^(4>'(e„),t/), and l.abR{ea,eb,ea,^' {ei,)) = 
^cos^ sin^ -d-. Note that v has the same sign has s, but for = 2 and v > 
(5.1) in (3) does not hold because of (1). Hence, 5-positiveness of Q can be 
expected only when 5 = 0. (2) is related to a result obtained by Kenmotsu and 
Zhou in [23], and Hirakawa in ||20l where a classification of surfaces with parallel 
mean curvature in a complex space forms is obtained using the Kahler angle. 

5.4 The Quaternionic calibration 

This calibration is not so well understood in the literature so we will describe in 
some detail. Let {V,I,J,K,g) be an hyper-Hermitean vector space of dimension 
4n, where 7,7 are two anti-commuting g-orthogonal structures. For each x — 
(a, b, c) G §^ it is defined a g-orthogonal structure Jx = al + bJ + cK and its Kahler 
form Wx{X,Y) = g{JxX,Y). Then V is a right-quatemionic vector space with 
Xi^ = I^qX —JxX =: J^X where = {i^Q,x) eM and Jx is extended linearly for x e 

M?. The right-quatemionic linear group of isometrics of V is Sp{n) = Sp{V) = 
G 0{V) : ^Jx = Jx^yx G §2} c SO{V). Let Sp{\) = G H : |C| = 1}. 
The inclusion Sp{V) ■ Sp{\) = Sp{V) x 5p(l) / ± {Id, 1) C SO{V) is given by 
, C)^ = {X) Moreover, for P={^X) 

p{JxX) ^^{JxX)C-' = -^{x)C-'^xC-'=uj^{xK-')=u,.P{x) 
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where T : 5^ C HI ^ S0{3) C S0{4) is the double covering map T^(v) = ^vC- A 
subspace T is a complex subspace if J^T C T for some x G S^. It is a quatemionic 
subspace if it is /^-complex \Jx. The fundamental 4-form of V is defined by 

Q. = \{wi /\wi + wj /\wj +wk /\wk)- (5.2) 

For each X eV , let = span{IXJX,KX}, Hx = WX®H^. Each P e SO{V) 
acts on a as Pa{X,Y,Z,W) = a{P^X,P^Y,P^Z,P^W), and we have 

Lemma 5.3. := {P e SO{V) : P ■ a = Q.} = Sp{V) ■ Sp{l). 

Proof. If P= (C,<^) G §2 X 5p(y) then P = C) satisfies P{Hx) = Hp^xy 

Note that vx,y G v, w/(/x,/y) = w/(x,y), wy(/x,/y) = -wy(x,y). ifp = 

{t,,q) G 5'/>(y) ■ ^^(l) one can prove directly that P 0. = Q. {^qq L24J). Then 
Sp{V) ■ Sp{l) C Hq,- Now if P G Hq,, from the above considerations P{Hx) = 
Hp^x)- Thus, Vx G i'(7x^) = JA{x,x)PiX), with A(X,-) G 50(3) necessar- 
ily in case = 1. We extend A{X,k) = A, for A G M C M. Since VA G M, 
P{J^XX) = XP{J^X) we get A{XX,x) =A{X,x). Now we assume = 1. 
¥rom P{J^yX) = P{Jx{JyX)) we \\di\eA{X,xy) =A{JyX,x)A{X,y). hax = pix! ^ 
Xy, where x' l.y is a unit of R^. Then A{X,x' x j) = A(X,x') x A(Z,y), and 
soA(7^X,x) A(X,3;) = A(X,;cj) = /iA(X,/ x j) - A/J = ^^^(X,/) xA(X,>;)- 
Xld, implying A (7yX,x) = ilA{X,x') + XA(X,y) =A{X,^x' + Xy) =A(X,x). 
Finally let X,y units with Hx®Hy and Z = Then Hp^^x)®Hp(jy From 

P(7,(X + y)) =74(z,.)^(^+>') weget7^(^,,)/'(X) +7^(y,,)/'(y) =7^(z,x)^(^) + 
■^A(z,x)'P(^). and soA(X,;c) =A(Z,Jc) =A(y,;c). ThenA(X,;c) =A{x) MX, that is 
A does not depend onX. We have proved that i'(7j:Z) = J^^(^^^P{X), whereA = 

for some ^ G Sp{l) (unique up to a sign). Define ^ :V —>^Vhy ^{X) = P{X)^ = 
7^/'(X). Then P= (^,0 and ^ G5;?(y). □ 

The fundamental 4-form induces a symmetric endomorphism Q.^ : A^V A^V, 
defined by {a^{X AY),Z AW) = Q.{XJ,Z,W). For each oriented orthonormal 
system B = {Xi,X2,X^,X4} of V, we define the bivectors = Af{B), by 

Af^^{XiAX2±X^AX^), A± = -i5(XiAX3T^2AX4), A± = ^(Xi AX4 iXj AX3). 

If X is a unit, A^(X) is defined as above w.r.t. Xi = X ,X2 = IX ^Xj = JX ,X4 = 
KX. Note that A± (X) = Af (J^X) for any xeS^. Set for any X, y and / = 0, 1 , 2, 3, 
r = 1,2, 3, and = = = = +1, e| = = e| = e| = = e| = -1, 

0/(X,y) = i(X A y + ejlXMY + efjXAJY + £f/«:X A/TF). 

satisfying 0,/(7,X,7,y) G ^;?an{0,(X,F),^ = 0, ... 3} and for 7^ = IJ,K, &,,{X,J,X) 
either is zero or gives Af{X) for some s. If Hx.Hy.Hz are orthogonal quater- 
nionic lines, and X, y are units we have for any x,y,zE 

aiX,J,X,JyX,J,X) = {x,yxz), 

^iX,J,X,Y,JyY) = ^{x,y), (5.3) 
Q.{X,J,X,JyX,Y)=Q.{X,Jj,X,Y,Z)=0. 
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We take an orthonormal basis Xi of V the form {eaJeaiJeaiKea}, 0C= l,...,n. 
We have = Li<j^{^ , Xi A Xj)Xi A Xj. An orthonormal basis of eigenvec- 

tors of Q.^ is given by the 2n(4n— 1) vectors, where a,j8 = 1, . . . ,n, r = 1,2,3, 

(l/»I„A+(ea), A-(e„), l/\^(A+(e„)-A+K)) a<« ^^^^ 
05(ea,%), 05(ea,-/ey3), es{ea,Kep) a <J3, 5 = 0,1,2,3 

The corresponding eigenvalues, that range {^3^,±l,±l/3}, are given as fol- 
lows where / = 1 , 2, 3, L = id, 1, 7, K 

n^(A+(e«)) = A+K)+Ip^„|A+(e/3) n^(I„A+(e„)) = 2^(£„A+(e„)) 

n^(A+(e„) - A+(e^)) = i(A+(e„) - A+(e^)) Q.\A;{ea)) = -A-(e„) 
il^(0o(ea,Lep)) = 0o(ea,Z-ep) il^(0,(ea,iep)) - -i0/(ea,Le^) 

Given a ^-dimensional T subspace of V we consider the restriction D.^ : A^T — > 
A^r, symmetric endomorphism with eigenvalues OCi(i-i) that we call the 

nonnormalized quatemionic angles of T. 

From now on we restrict our attention when T is an oriented four dimensional 
subspace with direct orthonormal basis {Xi,X2,Xt,,X4.) and V eight dimensional. 

Proposition 5.4. The fundamental form Q. defines a calibration that calibrates 
the quaternionic 4 dimensional subspaces. The quaternionic angle of an oriented 
A-dimensional subspace T^ is defined by the number cos d — Q.{Xi,X2,X'i,X^) e 
[— 1 , 1] . r and r-*- have the same quatemionic angle and there are only two eigen- 
values Uj = ± cos 6 each with multiplicity three. 

Proof. To see that H is a calibration, we set 0(x) = {(wx)\t A (wx)\t,VoIt), where 
{wx)t is the restriction of W;c to T x T. If cos 0f , cos 62, with Of e [0, f ], are the 
y^-Kahler angles of T w.r.t. Jx, then for any o.n.b. x,y,z of R^, 

cos0 = n(r) = i(0(x) + 0(3;) + 0(z)) 

= I (Ex cos 61 COS 62 + Ey COS 6{ COS 62 + Ez COS Of COS 62) (5.5) 

where e„ = ±1 depending if {wu)t defines the same or the opposite orientation 

of T. From (5.5) we see that \f{u) \ < 2 and so \^{T)\ < 1, and n{T) = ±1 iff 
e„ = ±1 and cos 6" = 1,5= 1,2, that is T is a /[^-complex subspace, Vm = 
or equivalently, T is a quaternionic subspace. Since the /j-Kahler angles of T 
and the ones of the orthogonal complement of T^ are the same, then 0.{T) = 
^{T^). □ 

Proposition 5.5. If V is 8-dimensional and T is a 4-dimensional subspace Jx- 
complexfor some x then ^ < cos 0{T) < 1, with equality to ^ if and only ifT is a 
totally complex subspace, that is T is a Jy-Lagrangian subspace Vj±x Moreover, 
if two complex subspaces T and T' ofV have the same quatemionic angle, then 
there exist an element P G SpiV) ■ Sp{l) such that T' — P{T). 
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Proof. If r is a /^-complex subspace of V then T is Cay ley subspace of 
for all J G §2. To see this we take an orthonormal basis of T of the form B — 
{Xi] = {X,J,X,ZJ,Z}. Wehsive g{JyJ,X,X) = -{y,x) =g{J,J,Z,Z), g{JyJ,Z,X) = 
-g{JyX,J,Z), g{JyZ,J,X) = -g{Jy,,,X,Z), and g{JyJ,ZJ,X) = g{JyX,Z). A 
basis for the self-dual 2-forms on T is given by 7f = A+(5). Then we see 
that {wy)\T = cos ey{p)J^ where v = i(< y,x >,g\jyX,Z),g{Jy^^X,Z)) e §2 ^nd 
cos0>'(/?) =t= ||(7yZ)'''||, proving that {wy)T is self-dual, that is *{wy)\j = 
{wy)]^j. This is just the same as to say the 7y-Kahler angles of T are equal, 
that is r is a Cayley subspace. Therefore 0" = dl^ ='■ 9" and so cos0 = i(l + 
cos^ 6^ + cos^ 0^) > 5, with equality if and only if cos^ 6^ — cos^ 6^ — 0, that is 
r is a 7„-Lagrangian subspace for any m_Ljc. If T and T' have the same quater- 
nionic angle, we use the canonical frames given in (5.8) below for T and for 
T' and define P by P{B) = B', P{B^) = B'^. Then P7„ = J^,P for {u,u') = 
{x,x'), {y,y') or {z,z'), and P{X) =X', P{Y) = Y', and taking C ^Sp{\) such that 
maps {x,y,z) to {x',y',z'), we get ^{■) — P{-)^^^ e Sp{V), what proves that 

p^{^,0^sp{v)-sp{i). □ 

Some further algebraic considerations. Let T be a Euclidean space of dimen- 
sion 4. For each linear map I : T ^ T we define A^l : A^T A^T, /\^l{u A v) = 
l{u) A /(v). If Xi > are the eigenvalues of VWl (also called the singular values 
of /) and B = {ei} a corresponding orthonormal basis of eigenvectors, let e,- de- 
fined by l{ei) = XiSi whenever A, 7^ 0, and extend to an orthonormal basis ei of 
T. Using Newton inequalities we have 252i<i<y<4 < 3{Xf -I- ... -I- A4 ) with 
equality iff A,- — Xj Each direct orthonormal basis B of T and 5^ of 

define respectively a direct orthonormal basis = Af{B) of A^T, and Ef of 
A^r^. We consider the two hyper-Hermitean structures of T (denoted by if, 
when we choose one) 7f = A+, If — . We note the following: If m, v is an o.n. 
system of vectors of T then 

I (m A V, A+) I < 1 , with equahty to 1 iff v = ±7^ (m) . (5.6) 

and similar for A~ . We define 

Q'^l = -^LrJj olojj. H^l = \{l + 3Q^l) 

where ± depends on Jj = or If . Note that : Skew{T) sp\ (T) gives the 
orthogonal projection of / onto a (7^) -hyper-complex linear map (does not de- 
pend on the oriented basis S). We also have {l,Q^{l)) = Y.r^\.23^{^^K^f):^f) 
and that |(a2/(A±), A±) | < 1(^112 + ^3^4), |(a2/(A±),A±)| < i(AiA3 + A2A4), 
|(a2/(aJ),A^)| < i(AiA4 + A2A3), and = Xl + X^ + X^ + Xl. Moreover, 

9||!2±/||2 = 3||/||2-2i:X7jo/o7,^,/) = 3||/f + 6(2^/,/), 
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and soO< l6\\H^lf = (H/f +6(<2^/,/) +9||2±/f) = 4||Z||2 + 12(2^/,/) = 
16{H^l,l). Consequently 3{Q^l,l) > If equality holds, then H^l = 0, 

and so / G spi{T)^ = a\T = span{jj}. Newton inequalities and (5.6) prove 
that 

-\\\lf<{Q^hl)<\\lV, 
(Q^ljl) = PiP iff I is hyper-complex, (5.7) 
(Q±/,/) = -^||/||2 iff I e a\T = span{jj} 

Furthermore, if / is hyper-complex then I is conformal. The singular values of A^l 
are A/A; for / < j. We can split A^Z = a|/© aIZ© a:^/© AI/, A^l : a\T -> A^r, 
A^Z : A^ r ^ a\T. A^l is self dual (resp. anti-self-dual), i.e. A^l* = * A^Z (resp. 
A^Z* = — * A^Z) iff the anti-self dual part A^^i^Z © A^ Z vanish (resp. the self-dual 
part A^Z © AIZ vanish), iff either A^Z = 0, what means at least 3 of the singular 
values vanish, or Z is an orientation preserving (resp. reversing) conformal iso- 
morphism. 



If (M, g, Q) is a quaternionic-Kahler manifold of real dimension An and funda- 
mental form Q., the quatemionic 4m-submanifolds, are necessarily totally geodesic 
( [fT6ll ). Some attention have been drawn to a more general type of submanifolds, 
the almost complex submanifolds in the quatemionic context, and their minimal- 
ity have been studied. This includes the quatemionic submanifolds as well the 
totally complex or the Kahler submanifolds. See for example [IJ and their refer- 
ences, where some examples can be found. Most of these submanifolds are also 
proved to be totally geodesic. We will show some use of the quatemionic angle 
in the study of almost complex submanifolds with parallel mean curvature. 

An immersed submanifold F : M ^ M is an almost complex submanifold if 
there exist a smooth section Jm ■ M Q such that, for each p EM, JM{p){TpM) C 
TpM. If n = 2 and m = 1, the quatemionic angle satisfies ^ < cos0 < 1 with 
equality to ^ at totally complex points and to 1 at quatemionic points. Since 
cos > ^ we conclude from theorem 1.4: 

Proposition 5.6. If (M, g, Q) is a quatemionic -Kdhler manifold of real dimension 
8 andM is an almost complex complete submanifold of real dimension 4 and with 
parallel mean curvature and Ricci^ > 0, then M is a minimal submanifold. 

For an almost complex 4-dimensional submanifold, 4> : TM NM is a con- 
formal morphism with coefficient of conformality (1 — cos0)(cos0 — ^) ( ll33l ). 
To see this we first note that we can take canonical orthonormal basis B of TpM 
and of NMp of the form 

B = {XJ,X,cJyX + sY,cJ,X + sJ,Y} = {Xk} 

= {JyYJ^Y,cY-sJyX,cJj,Y-sJ^X} = {Ui} ^ 
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where -\- = 1, x,y,z = x x y is an o.n. basis of with = Jm{p) and 

= |(1 — COS0), = |(cos0 — 4), and using 



Y eH^. Then cos0 
this basis we see that 4>(5) = —^scB^. 

Next we use the formula of Acos0 to obtain some nonexistence results for 
almost complex submanifolds, and in particular to give a "calibration"-type proof 
of the above mentioned result of Gray [[T6ll . for the case n = 2 and m = 1 . We take 
for basis of A^Mp, that is reordering B^, B'^ = {[//}, U[ = U3, = U4, U^ = Uu 
— U2, and consider the corresponding basis E'f 



of A^NMp. The matrix of 



W : A^TM A^NM, with respect to the basis A+, A+, A+, A^, , A3" of A^TM 
and the basis Z'^^Z'j, S'j", E'^, S'2 , of A^NMp is given by 



1(1 +^'') 








































3' 
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3^ 



(5.9) 



Note that wm = V^A^ and wnm = V^Z'^ are the respective Kahler forms. 
^ applies a\TM into a\NM and denoting the corresponding restriction 



± 



AiTM A\{NM), and defining : = ^+ -2(1 - cos 0)^o, where ^0 '.A^TM- 
A^NM is the linear morphism given by ^q{wm) = wmm and zero on the orthog- 
onal complement of Mwm, then ^'|_ and ^_ are conformal, with ||^'^(t])|P = 



(COS0-^)2| 



T]r,VT] e A^rM,and||^_(77)||2 = (l-cos0)2||T]f ,Vt] e AirM. 
Thus, if M is immersed with no totally complex points the bundles a\TM and 
are isomorphic. If M is immersed with no quatemionic points, then 
aI_TM and A^_MN are isomorphic. If there are neither quaternionic nor totally 
complex points, then 4> : TM NM is an isomorphism. 

If Xi is a direct o.n. basis of TpM and Yi G NMp are any vectors, then 

i:,<,a(Xi,...,y,,„...,F,-^.^,...,X4)=£fi(A+ A+(y))-t2(A7,A7(y)) 

r 

with *A~ = — A~, and where A^(y), Y = (yi,...,y4), are formally defined 
in the same way as Af{B). Thus, we consider the two components of A^5, 
aXB : A\TpM A\NMp and AZB : A^_TpM A^_NMp, and say that A^B is 
self-dual iff A^B = a|5 © AZB and it is anti-self-dual if the self dual part vanish. 
Therefore, from lemma 3.1 



Acos 



- cos + 2(^+, a|5) + 2(^_ , AZB) 



(5.10) 



+m(V^//,4>) -L,7?(X„X,,X„$(X,)) 

Now we prove the classic result on quatemionic submanifolds in [[T6l reducing it 
to a linear algebra problem: 
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Proposition 5.7. If M is a quaternionic submanifold of M then M is totally 
geodesic. 

Proof. We identify TpM = Hx = Hy = NMp, through the canonical basis B = 

{X,J,X,JyX,J,X} = {Xk} and [B')^ = {YJ.YJyYJJ}, and set h = ■) : 
TpM NMp = TpM. We have ^ = and ^_ = 0, = ^Id. Then (5.10) is 

= L;t(2g(4),4)- PfclP- By (5.7) each 4 is hyper-complex, that is 5 (X^,7xZ) = 
Jx{B{X,,,Z)), Wx e §2. Consequently, B{J^Z,J^W) = J^B{Z,W) = -B{Z,W), for 
any x. But then B{Z, W) = -B{JyZ,JyW) = B{JJyZ,JxJyW) = B{J^Z,J^W), for 
any o.n. basis x,y,z = xxy of M.^ and so 5 = 0. □ 

At p consider the canonical frames B = {X^} and B'^ — {t/^}, and the linear 
isometry L : NMp TpM, L{Ul) = Xk. We define h = LoB{Xk, ■) : TpM TpM, 
and = o S' and I'j^ = lk° S", where S',S" are orientation preserving isometrics, 
by 

/[(Zi) = /;fe(Zi), l'^{X2)=lkiX2), l'k{X3) = -lkiX3), l'k{X4) = -lkiX4) 
l"k{Xx)=h{Xx), l"kiX2) = -lkiX2), l"kiX3) = -lkiX3), l"k{X4)=h{XA). 

Then, ||/[|| = \\l"4 = WhW = \\B{Xk,-)\\, and we have a2/^(A±) = 

a2/;(a±) = - a2/,(a±), a2/[(a±) = -a2/,(a±), ^H\{Af) = -^^k{A^), 

a2/"^(A±) = - a2 4(A±), A2/"fc(A±) = A2/fc(A±). Set 

D = I.(||4f-(e+4,4))>0 (5.11) 

A = i,((e+4,4) + ^ii4f)>o (5.12) 

E = Lk{{Q-l"k,l"k) + Wkf)>^ (5-13) 

Note that A?B = ^\ and is antiselfdual iff Y.k ^-h ® /^+h = 0. By (5.7) 

Lemma 5.4. At p,0<D,A,E < Furthermore, D = Q iff A{orE) = 

= 0. If A — ( E — resp.) then A^B is self dual (resp. antiselfdual). 

Now we investigate when Qq,{B) > S\\B\\^. Using the matrix (5.9) 

cos eQa{B) = cos e\\Bf - 2(^+, A^fi) - 2(^_, AI5) (5.14) 
= -I.(l.=i,2,3 |(A+ a2/,(A+)) - 

+I{AY,A\{A^)) + KA^-, A\(A2-)) - |(A3-, a\(A3-)) + l\\kf) 
= {D + s^E)-s^{A + l\\Bf). (5.15) 
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Lemma 5.5. Assume at p, for each k, \\H'^l]^\\ < e||/^|| where < e < 1, and 
< T < such that (1 -cos0) < T. Then, at p, cosO Qa{B) > d\\B\\^ 

where 5 = 3^ > 0. 

Note that we assume cos0 > |. Lemma 5.5 includes the case cos0 = 1, that 
implies 1^ hypercomplex, giving e = 1 and 5 = 0, as in proof of proposition 5.7. 

Proof. The condition on implies \ {Q'^lk,lk) + ^\k\^\ ^ f^KfeP- Then D = 
LkWkf-(Wkf + (Q^^kJk)) > t{l-e)\\Bf. Using the bounds in lemma 

5.4 and (5.15), we obtain cos 0Q^(5)>l(iz^||5||2,that proves the lemma. 

□ 

Note that (1.7) can be satisfied. If M is a quatemionic space form of reduced 
scalar curvature v = 5^/32, then 

R{X, Y,Z,W)^l{{XAY,ZAW)+ l^^iJrX A JrY, Z AW) + {JrX , Y) {JrZ, W) ) 

and so 

I^,-^(X,-,Zfe,Z,-,4>(X^)) = 9v(cos0)(cos0-i) = (5.16) 

Proposition 5.8. Assume F . M ^ M is a closed almost complex immersed sub- 
manifold such that (1.7) holds. 

( 1 ) If there exist constants 0<e<l, 0<T<4(1 — £)/9, such that ( 1 — cos Q) < 
T and at each point p G M there exist canonical frames B and B'^ such that 
11-^^^411 ^ then F is totally geodesic. 

Furthermore, ifM is a quaternionic space form then: 

(2) IfF : M ^ M is parallel and V ^0 then either F is a quatemionic submani- 
fold or a totally complex submanifold. 

(3) IfM is closed, F has parallel mean curvature and A^B is anti-self-dual then F 
is totally geodesic and ifv>0 then either F is totally complex or a quatemionic 
submanifold. 

Proof. (1) follows from previous lemma and theorem 1.5(A). If we assume T < 
^^^5^, it guarantees 5>0. (2) From the proof of proposition 3.2, Y^ki^i^ki^d^k)^ 
= Oandby (5.16), 4v5V = 9v(l -cos0)(cos - = 0. (3) We have A cos 9 = 
— 4-v s^c^ — cos 6 \\B\\^ < 0, what implies cos0 > 5 is constant and so —4vs^c^ — 
cos0||5||2 = 0. □ 

Proposition 5.9. Assume M is a closed almost complex submanifold with parallel 
mean curvature on a quatemionic space form M. Then F is totally geodesic if 
(I) or (2) below holds: 
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(1) v>OanJ||5|p<3v(cos0-i) 

(2) v<0anJ||5|p< -^v(cos0-i)(l-cos0). 

Proof. We may write Acos 6 given in (5. 10) and using (5.15) as 

As^ = 6vs^c^+4scZj{yxjH,Uj) - y^{A + l\\Bf) + l{D + s^E). 

(1) The conditions imply ls^{A + l\\B\\^) < 6vs^c^ and so As^ > 0. (2) Under 
the assumptions, l(D + s^E) < 2(1 +5^) \\B\\^ < 4\\Bf < -65VV, and we have 
As^ < 0. In both cases (1)(2) we conclude that s is constant, and again that 
A^^ = 0. This implies in case (l)D + s^E = 0, and in case (2) + = 0, 

what leads to the conclusion in the proposition (see lemma 5.4). □ 

5.5 The special calibrations 

The special Lagmngian calibration. Let {M,g,J,p) be a Calabi-Yau manifold 
of complex dimension k with holomorphic volume element p G A^^'^^M. Then 
Re{p) is the Lagrangian calibration and calibrates the special Lagrangian sub- 
manifolds. On M it is also defined the Kahler calibrations. If A: = 4, there is also a 
S'^-family of Cayley calibrations £Iq = —^w^+Re(e^p), that calibrates the Cay- 
ley 4-submanifolds. 

The Cayley calibration. If (M ,g, CI) is a Spin{l) 8-dimensional manifold, then 
it is defined a Cayley calibration £L. Given a Sj!?/n(7)-frame ei that identifies 
TpM with the space of octonions M^, Q. is the 4-form defined by Q.{x,y,z,w) = 
(jc, )^ X z X w) , where the cross product of three vectors is defined in M*^. A Calabi- 
Yau 4-fold is also a Spin{l) manifold and any Cayley calibrations defined above 
corresponds to this definition. If F : — > M is an immersed 4-submanifold, then 
^>(Zi) = {X2 X X3 X ^4)^, where Xi is a d.o.n. basis of TpM. 

The associative and the co-associative calibration. Let (M ,g, 0) be a G2 Rie- 
mannian manifold with a closed G2 3-form 0. Identifying TpM with = /m(]R^) 
by a Gi-frame, (^{x,y,z) = {x,yz) where on the right hand side it is considered 
the octonion product. This is the associative calibration. The co-associative 
calibration is = *0 and satisfies v/'(;c,j,z,w) = \{x, where = 

{yz)w—y{zw) is the associator operator. The forms and ^ calibrate respectively 
the associative 3-dimensional submanifolds and the co-associative 4-dimensional 
submanifolds. If F : M ^ M is an immersed 3-submanifold, (Xi) = {X2X-i)^, 
where X\,X2,X2, is any d.o.n. basis of TpM. If F is an immersed 4-submanifold, 
= [X2,XiM]^- If A/' is a Calabi-Yau 3-fold, then AT x 5^ or AT x R are 
G2-manifolds with = 1* /\w-\-Re{p) and ^= jwAw - 1* Alm{p). If A^ is a 
G2 manifold, then A^ x 5^ or A^ x R with n=rA0-|-VA^are Spin{l) manifolds. 
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